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1 Introduction
1.1 About the project and activities
There are challenges for both industry and pollution authorities to implement the requirements in the IED
(Industrial Emission Directive) [1]. In order to strengthen monitoring capabilities and accuracy in mass
emission reporting, there is a need to understand the complexity of the emission process as well as
development of new measurement methods, techniques and instruments. The EMPIR project ‘Metrology to
underpin future regulation of industrial emissions (IMPRESS)’ [2] was carried out within the scope of such
investigations with a major focus on flow rate. The defined work-packages in the project comprise simulation
and practical techniques, accompanied by theoretical analysis. The findings of the project were disseminated
through workshops and an E-learning course on emission monitoring metrology provided by National
Physical Laboratory (NPL).

1.2 Motivation
Pollutants emitted from stacks shall be estimated based on the measurement of both the volume flow rate
and the concentration of the emitted elements. Several standard documents describe specific routines and
criteria to install and calibrate the measurement instruments to specify these measurands, in addition to
methods to calculate the related measurement uncertainty. Nevertheless, the required attention to how
flow rate is related to concentration in mass emission and the related measurement uncertainty, which is
the expected outcome of a prolusion measurement process, is still missing.
This guidance is prepared according to the findings from the IMPRESS project, with the aim of optimizing the
mass emission estimation based on direct measurement. The main concern here is to highlight sources of
errors and uncertainties and elucidating failures in measurement precision. This comprises both analytical
and modeling investigation.

1.3 General consideration
The nature of the emission and the implemented measurement method may significantly influence the
quality of the related result. New regulations with lower limits for mass emissions defined by EU IED and
Best Available Technology Reference (BREF) require careful considerations of the measurement activities
and data analysis. In some cases these new requirements also challenge the current standards. The
uncertainty may increase significantly if the measurements are not temporally and spatially representative
of the actual flow in the stack. This will reduce the accuracy in the estimation of the emission level. The
emission rate profile from an industrial unit depends on the emitting process. The employed measurement
method should reflect both the process and the required quality of the emission estimates.
For a defined time duration, Emission Limit Values (ELVs) are either stated as limit values on mass or
averaged concentration [3]. It is vital to ensure that the averaged concentration is not an arithmetic mean
value, but a mean value which is weighted with respect to the corresponding flow rate. This consideration
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has been ignored in the related standard documents e.g. EN 15259:2007. The detailed discussion will be
given in section 4.1.1.

Figure 1: examples of how emissions can vary over time and their implication on determining
monitoring time requirements [3].

The same argument implies the necessity of precise synchronization between flow rate and concentration
data (see sections 4.1.1 and 4.1.2). Such a concern becomes vital in case of highly dynamic profile as
presented e.g. in figure 1D, while it requires less attention for a stable emission profile like figure 1A. This
consideration is highly relevant for the discussion on uncertainty in mass emission reports and the
evaluation against limit values. Since uncertainty evaluations normally influence decisions related to
acceptance or rejections of the measurement results, these estimates can also be relevant to risk evaluation,
see the next section. Likewise, large variations in the emission profile leads to errors due to improper
representativeness in the measurements.

2 Conformity assessment EU regulation / requirements
2.1 Probability of exceeding the ELV
The document ‘Evaluation of measurement data – The role of measurement uncertainty in conformity
assessment (JCGM 106:2012) produced by the Joint Committee for Guides in Metrology under BIPM’,
describes how measurement uncertainty may influence the acceptance of a measurement result. Figures 2
and 3 present illustrations of this concept.
The emission value and the related measurement uncertainty are represented by the position of the center
and the width of the distribution, respectively. These curves are referred to as probability distribution
functions (pdf’s). The probability of the measurand in a specified interval is the area under the curve within
this interval. The total area under the curve equals 1.
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Figure 2: Probability of nonconformity equals the relative fraction of the pdf exceeding the ELV, red shaded area.

The form of the distributions in figure 2 are Gaussian (normal distributions). Both emission values are lower
than the Emission Limit Value (ELV), which is marked with a single black line. Although Emission 2 is lower
than Emission 1, a part of the pdf for Emission 2, red shaded area, is exceeding the ELV. Emission 2 has ca 5%
probability of exceeding the ELV. This means that there is 95% probability that Emission 2 is conforming to
the ELV requirement. Emission 1 is higher than Emission 2, but still the measurement uncertainty of Emission
1 is smaller and thus only a very small fraction of its tail is exceeding the ELV.
This way of treating a measurement result with respect to a limit value taking the measurement uncertainty
into account is important in conformity assessment, because it highlights the need for low measurement
uncertainty when the emission is close to a limit value. It is clearly depicted in figure 3 that an emission level

Figure 3: Probability of nonconformity equals the relative fraction of the pdf exceeding the ELV, red shaded area.

close to the ELV (Emission 2) is highly sensitive to the measurement uncertainty, while if the emission value
compared to the ELV is very small, even a relatively large uncertainty can be ignored. The probability of nonconformance is dependent on both the measurement value and the related measurement uncertainty.
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2.2 Risk assessment and the choice of measurement methodology
Figure 5 shows that the criteria to approach an acceptable monitoring regime are dependent on a risk
assessment, reference [4], which is a combination of a conformity assessment along the y-axis and an
evaluation of the severity of exceeding the ELV, along the x-axis. The simplification of using only three levels
along both axes, low – medium – high, gives four different levels of monitoring regime, 1 - 4.
1. Occasional - four times per year up to once per month:
The main purpose is to check the actual level of emissions with predicted or usual conditions.
2. Regular (to frequent) - once per month up to once per week and/or spot sampling in special cases.
Frequency needs to be high in order to detect unusual conditions or a gradual decrease of performance and
to rapidly initiate corrective actions (e.g. diagnostic, repair, maintenance).
3. (Regular to) Frequent - once per week up to once per day and/or spot sampling in special cases: Accuracy
needs to be high and uncertainties of the monitoring chain are minimized.
4. Intensive - once per day, continuous, or high frequency (3 to 24 times per day spot sampling, where
appropriate).

Figure 4: Monitoring regime according to the risk of exceeding the ELV [5]

The severity of consequences, and the monitoring regime determines the choice of measurement
methodology:
1. High emission rate level (intensity and dynamic)
For large combustion plants and similar emission sources where the emission rate level is high, the total
mass emitted to air, even during a short period may be significant. From the risk assessment point of view it
is thus obvious that in order to continuously measure both flow and concentration levels, an automated
measurement systems (AMS) should be utilized. These systems must comply to a number of international
standards (refer to sec. 2.3).
2. Low emission rate levels
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In these conditions, periodic or campaign based measurement methods can be acceptable. Nevertheless, it
is vital to recognize that considering mass emission as the targeted measurand, discontinuous
measurements can potentially lead to significant contributions to the uncertainty in the emission estimates.
The use of more continuous surrogate parameters that are highly correlated with the mass emission, or even
concentration and flow separately, can increase the knowledge of the dynamics in the emission process, and
be employed when calculating mass emission to reduce the uncertainty in those estimates.
Implementing such measurement methods requires careful attention to the combination of concentration
and flow measurements to obtain the best estimation of mass emission.

3 Air quality standards related to direct measurement
The following list gives an overview on the Air quality - European standards applied to both automatic (AMS)
and manual measurement systems to monitor concentration and flowrate in stacks. In general, most
standards for direct measurements focus on continuous measurement of industrial emissions. Some
industrial emissions may be small, or the emissions may pass through ventilation ducts and thus escape
undetected. For these situations it may be necessary to employ alternative monitoring method such as
periodic or campaign based measurements.
An extensive number of standards support the quality assurance of the automated measurement systems
for monitoring of industrial emissions.


EN ISO 15267-1: Certification of automated measurement systems (AMS) for concentration
measurements - part 1: General principles.



EN ISO 15267-2: Certification of automated measurement systems for concentration measurementspart 2: Initial assessment of the AMS manufacture’s quality management system and post
certification surveillance for the manufacturing process.



EN ISO 15267-3: Certification of automated measurement systems for concentration measurementspart 3: performance criteria and test procedures for automated measuring systems to monitor
emissions for stationary sources.



EN 14181: Stationary source emissions – Quality assurance (QA) of (AMS): QA1, QA2, QA3 and
annual surveillance test AST.





“QAL 2” describes the periodic use of SRM for establishing the calibration function of the
AMS for concentration measurements. This service is supported to the industry by
competent organizations.



“QAL3” is the monitoring of the stability of the AMS in use by the owner of the system.



“AST” is annual surveillance test to validate the calibration function.

EN ISO 20988:2007: Air quality- Guidance for estimating measurement uncertainty. This gives
guidance in uncertainty estimation based on the principles given in the Guide to the Expression of
uncertainty in Measurement (GUM) [5].
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The standard focuses on concentration measurements. It does not address the errors and
uncertainties related to estimation of mass emissions.

EN 15259:2007: Measurement of stationary source emissions-requirement sections and sites for the
measurement objectives, plan and repot.


The scope of this standard document includes periodic measurements using manual or
automated reference methods (RM), requirements of measurement sections together with
procedures to take representative sampling points, generic principles for emission
measurement in different plant types, and requirements for emission measurements
system. This standard is highly relevant for this guideline.

The above standards emphasize on AMS to establish estimates for concentration of relevant pollutants. As
mentioned earlier in this guideline, the EU regulation on industrial emissions defines ELV in mass or averaged
concentration units. To obtain estimates for these measurands the measured concentration must be
multiplied by the flowrate or accumulated volume of the sampled emission flow. The following standards are
examples of related documents to the methods for flow-rate determination.


EN ISO 16911-1: Stationary source emission, Manual and automatic determination of velocity and
volume flow rate in ducts, Part 1: Manual reference method.



EN ISO 16911-2: Stationary source emission, Manual and automatic determination of velocity and
volume flow rate in ducts, Part 2: Automated measuring systems.

4 Estimation of mass emission and reporting
This chapter explains the calculation of annual mass emission from a stack and its measurement uncertainty.
The procedure in principle follows standard GUM using an analytic approach; see the following diagram in
figure 5. This diagram illustrates the uncertainty budget for the total mass emission 𝑀 in a given time period
based on concentration of pollutant, 𝐶𝑖 , during a sampling time interval ∆𝑡𝑖 and the corresponding volume
flow rate 𝑣𝑖 . Two independent, separate measurement systems are measuring volume flow rate and
concentration. Consequently, we need two separate measurement uncertainty budgets, one for each
measurement system.
Correlation between measurement uncertainty components is often difficult to treat correctly. In our case,
correlation effects occur not only as systematic covariation of the uncertainties of the inputs, but there can
also be a significant correlation between the inputs themselves (correlation of the signal levels), i.e. volume
flow rate value and concentration value. Thus the estimation of mean values over long periods of time is not
relevant as intermediate calculations for the calculation of annual mass emission, and we need to sample
values of volume flow rate and concentration simultaneously and with a certain degree of correct
synchronization.
When sample values of mass emission have been calculated based on synchronized sample values of volume
flow rate and concentration, the annual mass emission is found by summing up samples for the entire year.
The calculation of the uncertainty of this sum is again strongly dependent on the correlation between the
measurement uncertainties of the mass emission samples.
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A detailed and complete measurement uncertainty budget for the annual mass emission from a stack is
rather complex. Usually it is sufficient to consider the largest contributions: any component which
contributes less than 1/5th of the largest component may be neglected.

=

Figure 5: Illustration of the related uncertainty to the total mass emission

Chapter 4 gives an overview of the complexity of the problem, which might be overcome by Monte Carlo
simulation of the calculations. We will encourage the reader to simplify calculations if possible, whether
Monte Carlo simulation or an analytical approach is used. However, simplifications should neither jeopardize
the correct calculation of the annual mass emission nor result in underestimating the measurement
uncertainty of the reported mass emission.

4.1 Model for accumulated mass emissions
The model equation for correct calculation of the accumulated mass emission is:

M = ∑ 𝐶𝑖 ∙ 𝑉𝑖̇ ∙ ∆𝑡𝑖

(1)

Note that correct calculation is carried out by multiplying sample values of concentration and volume flow
rate at the same instant in time and then accumulate these products for the appropriate time interval. The
uncertainty connected to taking representative samples from the process is discussed in chapter 5.
Many standards just emphasize the importance of the correct concentration measurement, see chapter 3,
and pay less attention to the measurement of volume flow rate, while the measurement uncertainty of the
volume flow rate is equally important, see chapters 4.2.2 and 4.2.3.
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Uncertainty components for concentration measurements are connected to the linear calibration model as
well as corrections from influential parameters like temperature pressure, relative humidity, etc. Chapter
4.2.1 summarizes the uncertainties connected to the concentration measurements.
Existing standards describe the method to calculate and report concentration values as well as the related
mean values (refer to section 3). However, the arithmetic mean value for the concentration is not applicable
in order to calculate the accumulated mass emission. It should be considered that the correct calculation is
carried out by equation 1: Representative samples taken from the process by two different measurement
systems for concentration and volume flow rate, which are multiplied to give mass emission of the pollutant.
Then the accumulation of the mass emissions of sampling time intervals will be used for periodic reporting.

4.1.1

The problem of taking arithmetic mean value as a time average

Acknowledging that the final reportable result from a emission measurement process is the accumulated
mass emission, the calculation of arithmetic mean values of the concentration for any time interval serves no
purpose. Reporting accumulated mass emission on hourly, daily, or annual basis will in general not become
correct if calculations are based on the time average of concentration for such periods, equation 2.
𝑁

𝐶̅ =

1
∑ 𝐶𝑖
𝑁

(2)

𝑖=1

The calculation error on accumulated mass emission will become small for a stationary process, where
volume flow rate is approximately a constant value with only small fluctuations (figure 1A), but when
concentration and volume flow rate show noticeable dynamic behavior within the total integration time,
𝑁 ∙ ∆𝑡, it will be vital to consider the covariation between these two measurands (see figure 6). Using a
weighted mean instead of an arithmetic mean solves the problem:

C̅ ∗ =

∑𝑛𝑖 𝐶𝑖 𝑉̇𝑧𝑖
∑𝑛𝑖 𝑉̇𝑧𝑖

C̅∗ =

∑𝑛𝑖 𝐶𝑖 𝑣𝑧𝑖
∑𝑛𝑖 𝑣𝑧𝑖

(3a)

(3b)

Where

𝑖
𝑣𝑧
𝑉̇

Sequential index, time (or place)
Axial velocity in stack
Volume flow rate

Thus, the following formula defines the accumulated mass emission:

𝑀 = ∑ 𝐶𝑖 ∙ 𝑉̇𝑧𝑖 ∙ ∆𝑡 =

∑ 𝐶𝑖 ∙ 𝑉̇𝑧𝑖
∙ ∑ 𝑉̇𝑧𝑖 ∙ ∆𝑡 = C̅∗ ∙ 𝑉
∑ 𝑉̇𝑧𝑖
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(4)

𝑀 = 𝐶̅ ∗ . 𝑉

(5a)

𝑀 ≠ 𝐶̅ ∙ 𝑉

(5b)

An alternative explanation for the inequality (5b), although dimensionally correct, is the fact that the
correlation between C and V also needs to be evaluated if mean values are used to represent the samples. In
general:

〈𝑀〉 = 〈𝐶 ∙ 𝑉〉 = 〈𝐶〉 ∙ 〈𝑉〉 + 𝑐𝑜𝑣[𝐶, 𝑉]
Where 〈𝐶〉 =

1
∑ 𝐶𝑖
𝑁

and 〈𝑉〉 =

1
𝑁

(6)

∑ 𝑉̇𝑖 ∙ ∆𝑡. When dynamic behavior of the emission is considerable (e.g.

figure 1C and 1D), there might be a strong correlation (unknown if not measured) between C and V. This
correlation is ignored in (5b), using the arithmetic mean value of concentration.
The simple conclusion is that for AMS, the calculation of accumulated mass emission is carried out by
multiplication of C and V for each sample at the lowest accessible time interval, ∆𝑡𝑖 , before accumulating the
emission.

M = ∑ 𝐶𝑖 ∙ 𝑉̇𝑧𝑖 ∙ ∆𝑡𝑖

(7)

When samples of the volume flow are few, each sample will have to represent an average value for a long
period of time, ∆𝑡𝑖 . Large variation in volume flow rate between successive samples, 𝑣𝑖 , can act as a warning
against erroneous calculation of accumulated mass emission because of unknown correlation effects within
such time intervals.

4.1.2

Correct synchronization of concentration and volume flow data

The correct calculation of accumulated mass emission is the product of simultaneous values of concentration
and volume flow rate. This emphasizes the importance of correct time stamps (i.e. correct indexing) on 𝐶𝑖

Figure 6: The grey and blue graphs represent the concentration without and with a time shift compared to the
measured flow, respectively. The red graph shows the flow time profile. The black, dashed lines designate the
change of flow and concentration correlation when there is a time lag between the measurements of these
variables.
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and 𝑣𝑖 . Because of physical limitations, volume flow rate and concentration are usually not measured within
the same physical measurement volume, but up to several 10s of meters apart. However, for AMS it is
feasible to synchronize two different series of measurement data for C and V within 30 seconds using the
relation ∆𝑡 = 𝐿/𝑣𝑧 , where L is the distance between measurement stations for concentration and volume
flow rate, and 𝑣𝑧 is the axial speed in the stack. The requirement on correct time stamps for the two series
(correct indexing) will depend on the actual level of variation in C and V. Most often 30 s will be well within
such requirements.
Nevertheless, it is found from real measurement data that ignoring the correct synchronization of the
concentration and volume flow rate data can cause noticeable calculation errors for accumulated mass
emission. The effect of missing the correspondence between the time profiles of concentration and flow rate
is clearly illustrated in figure 6. Employing real data, NPL has performed a modeling investigation to calculate
the increase of uncertainty exposed to the annualized mass emission, based on lack of synchronization
(figure 7). The scale of the uncertainty also depends on the dynamic intensity of the emission.

Mass Emissions (t/yr)

SO2
20
15
10
5
0
-5
-10
-15 -13 -11 -9

-7

-5 -3 -1 1 3 5
Data lag time (minutes)

7

9

11 13 15

Figure 7: Uncertainty (K=2) in annualized mass emissions, varying due to lag time between flow and
concentration measurement for CO. The calculation was carried out by NPL, using NPL on real data.

Standards describe how to calculate the arithmetic mean value of the concentration for a chosen sampling
duration, for example 30 minutes [6]. This will certainly relax the requirement on correct synchronization of
C and V measurement data series, but at the same time it will create problems in connection with
correlation effects according to equation 6, section 4.1.

4.2 Method of calibration and adjustments of instruments
Direct measurement of mass emission needs to consider simultaneous measurements of the two
measurands, concentration and volume flow rate, which are monitored by two different measurement
systems. Both measurement systems need calibration and adjustments in order to measure correctly. In this
12

section, we will briefly summarize which errors can affect the measurement and ‘typical uncertainties arising
from incomplete knowledge of how to correct for the errors (the GUM approach).
A fundamental limitation to measurement accuracy is the linear model, y = A + Bx, for the calibration curve
which models the response of the measurement system to the data set (xReading i, yRef value). Calibration data
suggests an uncertainty related to the parameters in the model, A and B, as well as the correlation
coefficient between A and B. The ideal situation for such a linear regression is 𝑢(𝑥𝑅𝑒𝑎𝑑𝑖𝑛𝑔 ) = 0, but in
practice 𝑢(𝑥𝑅𝑒𝑎𝑑𝑖𝑛𝑔 ) << 10% of the entire calibration range is sufficient.

𝑢(𝑦) = √𝑢𝐴2 + 𝑥 2 𝑢𝐵2 + 2𝑥𝑢𝐴 𝑢𝐵 𝑟(𝐴, 𝐵)

(8)

where
∑ 𝑥2
𝑢𝐴 = 𝑢𝑦 √ 𝑖
∆
𝑁
𝑢𝐵 = 𝑢𝑦 √
∆
∆ = 𝑁 ∑ 𝑥𝑖2 − (∑ 𝑥𝑖 )2
𝑟(𝐴, 𝐵) = −

∑ 𝑥𝑖
√𝑁 ∑ 𝑥𝑖2

The residual for each calibration point is the difference between the predicted value from the fitted model
and the reference value, residual = yFit - yRef value. The residuals should have a random normal distribution
around the fitted curve. The residuals also form the basis for the A-type (repeatability) uncertainty
estimation of the predicted value with two coefficients to be determined, A and B, giving 𝑁 − 2 degrees of
freedom, equation 9:

∑(𝑦𝐹𝑖𝑡 − 𝑦𝑅𝑒𝑓 𝑣𝑎𝑙𝑢𝑒 )2
𝑢𝑦 = √
(𝑁 − 2)

(9)

𝑢𝑦 adds to the uncertainty in the usual way as a sum of variances giving uncertainty for a new measurement
point predicted by the model, y = A + Bx:

𝑢(𝑦) = √𝑢𝐴2 + 𝑥 2 𝑢𝐵2 + 2𝑥𝑢𝐴 𝑢𝐵 𝑟(𝐴, 𝐵) + 𝑢𝑦2
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(10)

A nonlinear response of the measurement system can potentially give large measurement errors.
Nonlinearity is easily investigated by a simple analysis of the residuals of the curve fit to the linear model.
The residuals should not show any systematic dependency on the measurement value or on the sequence
order for collecting the calibration data. If such a dependency is detected, a different model might be more
suitable, for example a polynomial of second degree. A similar treatment of the uncertainty of the
calibration curve is necessary.
Because of drift, the accuracy of the calibration curve will deteriorate with time. This could be modelled for
example by a linear drift characteristic. Recalibration of the measurement system and updating the model
equation at regular intervals brings the uncertainty back to the basic model equation with uncertainty given
by equation 10.

4.2.1

Concentration measurements, corrections and uncertainties

The linear calibration model for the measurement system for concentration needs at least 5 measurement
points (in case of AMS) from the measurement system and the reference system. In addition to the
uncertainty, which stems from the linear model [7] treated in the preceding section 4.2, a number of
corrections are applied in order to express the concentration of the pollutant in a gas at standard conditions
with respect to temperature, pressure, relative humidity and O2 content [8].
100
𝐶 = 𝐹𝑇 ∙ 𝐹𝑃 ∙ 𝐹𝑂 ∙ (
) ∙ (𝐴 + 𝐵 ∙ 𝑥𝑅𝑒𝑎𝑑𝑖𝑛𝑔 )
100 − 𝐻2 𝑂%

(11)

Each correction is stated in the document M2 “Monitoring of stack emissions to air” from the Environment
Agency in UK:
Temperature correction factor:

𝐹𝑇 = 𝑇⁄273

(12)

𝐹𝑃 = 101,3⁄𝑃

(13)

100
𝐷𝑟𝑦 𝑔𝑎𝑠 𝑐𝑜𝑛𝑐 = 𝑊𝑒𝑡 𝑔𝑎𝑠 𝑐𝑜𝑛𝑐 ∙ (
)
100 − 𝐻2 𝑂%

(14)

Pressure correction factor:

Moisture correction:

Reference O2 level correction factor:

𝐹𝑂 =

21 − 𝑂2 % 𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒
21 − 𝑂2 % 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡
14

(15)

To sum up these corrections and their uncertainties, we can fill in the standard table of GUM.
Table 1 Contributions to measurement uncertainty in concentration measurement

Xj

xj

u(xj)

Distribution

cj

uj(C)

A

Value

u(A)

Student’s t or
Normal

100
𝐹𝑇 ∙ 𝐹𝑃 ∙ 𝐹𝑂 ∙ (
)
100 − 𝐻2 𝑂%

uA(C)

B

Value

u(B)

Student’s t or
Normal

FT

Value

u(FT)

Student’s t or
Normal

Cuncompensated for FT

uFT(C)

FP

Value

u(FP)

Student’s t or
Normal

Cuncompensated for FP

uFP(C)

Dry gas

Value

u(Dry gas)

Student’s t or
Normal

Cuncompensated for wet gas

uDry gas(C)

FO

Value

u(FO)

Student’s t or
Normal

Cuncompensated for O2

uFo(C)

C

Correct
value

100
)xReading
100−𝐻2 𝑂%

𝐹𝑇 ∙ 𝐹𝑃 ∙ 𝐹𝑂 ∙ (

uB(C)

uC(C)

Column 4 in table 1 is not mandatory, it only gives information about the form of the probability distribution
function (pdf), see also chapter 2.2 about conformity assessment. Such information is needed when the form
of the pdf is known and a standard uncertainty is estimated from its form. For example a uniform (also called
rectangular) distribution with zero probability outside the borders 𝜇 − 𝑎 and 𝜇 + 𝑎 and uniform probability
inside these borders, a standard uncertainty is estimated by 𝑢 = 𝑎⁄√3. Likewise, a triangular distribution
form will have standard uncertainty 𝑢 = 𝑎⁄√6, 𝑎 is again half of the maximum width of the pdf.
We also need to calculate all correlations between each pair of inputs. For example, A and B are correlated
by r(A,B), see equation 8. It is reasonable to assume that all other correlations are zero.

4.2.2

Volume flow rate measurements, corrections and uncertainties

The measurement uncertainty of the volume flow rate also needs to be analyzed with respect to all types of
errors affecting the measurement system. A linear calibration model is also applicable for flow rate
𝑉̇measurements:
𝑉̇𝑖 = 𝐴 + 𝐵 ∙ 𝑉̇𝑅𝑒𝑎𝑑𝑖𝑛𝑔 + ∑ 𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑖𝑜𝑛𝑗

(16)

It should be considered that even though we can correct the measurand for some systematic effects in some
special cases, there will always remain a residual which contributes to the uncertainty.
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As shown in section 4.2.3, there can be large errors connected to the measurement system for volume flow
measurement, when using Pitot tubes. Depending on dimensions and geometry of the stack, the positions
and angles of pitot tubes, bends before inlet to the stack, volume flow rate, etc., the measurement error can
reach a value of ca 5%.
A simulation of the flow dynamics is useful before installing a flow measurement system in order to qualify
the installation and avoid gross errors in volume flow rate measurement. Another illustration of how
simulation can be employed to reduce systematic uncertainty in the flow measurement when using
Ultrasonic Flow Meters (UFM) is given in in Annex 1.
Although such considerations are taken into account, the flow measurement error will vary according to
variations in the dynamics of the fluid speed and concentration. Uncertainty estimations can be performed
by setting a limit on the possible errors from the simulation data. It is thus important that the simulations
cover all the operational conditions for the measurement system. A common method to estimate the
measurement uncertainty related to uncorrected errors is to apply a pdf with a uniform (rectangular)
distribution with 𝜇 = 0 and 𝑢 = |𝐸𝑟𝑟𝑜𝑟𝑀𝑎𝑥 |⁄√3. This is a simple approach and also common practice in
many fields of calibration work [9]. However, strictly according to GUM, errors which are not corrected,
should be added linearly to the expanded uncertainty: 𝑈(95%) = 𝑘 ∙ 𝑢𝑐 + |𝐸𝑟𝑟𝑜𝑟𝑀𝑎𝑥 |.
To sum up these corrections and their uncertainties, we can fill in the standard GUM table (table 2).
Table 2 Contributions to measurement uncertainty in flow measurement

Xj

xj

u(xj)

Distribution

Sensitivity

uj(𝑉̇)

A

Value

u(A)

Student-T or
normal

1

uA(𝑉̇)

B

Value

u(B)

Student-T or
normal

xReading

uB(C)

Simulated
flow
conditions

0

𝑢 = |𝐸𝑟𝑟𝑜𝑟𝑀𝑎𝑥 |⁄√3

Uniform

1

usim-flow(𝑉̇)

𝑉̇𝑖

Value

4.2.3

uc(𝑉̇𝑖 )

CFD simulation for uncertainty and error in flow measurement using pitot tubes

The advantage of using modeling tools rather than physical investigation lies in its ability to analyze complex
situations, which physically are impossible to achieve or are cost and time demanding. In the section 8.3 of
the standard document ISO 16911-2, Computational Fluid Mechanics (CFD) with an output velocity field in
the stack, has already been introduced as a simulation tool to pre-investigate how variation in plant
operating conditions can influence the stability of the flow profile.
This simulation work, performed by Czech Metrology Institute (CMI), clearly shows that the position and
orientation of the measurement ports for Pitot tube can significantly affect the accuracy of the annual mass
emission measurement since the relative error in flow rate contributes by the same amount to the relative
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error of mass emissions. The CFD can be useful to estimate the optimal installation of the flow measurement
instrument. It is also possible to implement this method to estimate the related sources of measurement
uncertainty for the installed pitot tubes.

(b

(b)

(c)

Figure8: (a) The straight supplying pipe. The length of the pipe is 5 m from the inlet to the stack wall. This pipe generates two counterrotating swirls in the stack. (b) The supplying pipe with single 90° elbow. Radius of the elbow is 1.5 m. Length of the straight parts
upstream and downstream of the elbow is 3 m. This pipe generates a single clockwise (view from the stack outlet) swirl in the stack. (c)
The supplying pipe with double 90° out of plain elbow. Radius of both of the elbows is 1.5 m. Length of the straight parts upstream,
downstream and in between the elbows is 3 m. This pipe generates a single counter-clockwise (view from the stack outlet) swirl in the
stack.

The calculations have been applied to different shapes of supplying pipes generating different swirl pattern;
1- straight pipe 2- pipe with a single 90o elbow 3- a pipe with double 90° out of plain elbow. These supplying
pipes are presented in figure 8.
Pitot tubes
In this method, the measurement points are defined in a measurement plane perpendicular to the stack axis.
The areas, which include the measurement points, are shown in figure 9. Detailed definition of these grid
points is given in reference [6]. Then the flow in the stack is calculated using this equation:
𝑁

𝐴
𝑄𝑀 = ∑ 𝑣𝑧𝑖
𝑁
𝑖=1
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(17)

Where
𝑄𝑀

Measured flow

A

Area of the measurement plane

𝑣𝑧𝑖

Measured axial velocity at the measurement point

𝑁

Number of measurement points

Pitot tubes measure the flow rate based on the pressure difference exposed by the flow on the Pitot tube.
This pressure depends on the orientation of the Pitot tube axis compared to the air velocity vector, which is
represented by yaw 𝛽 and pitch 𝛾 angles. These angles are defined so that the axial air velocity in the duct can
be presented as:
𝑣𝑧 = 𝑣 ∙ cos 𝛽 ∙ cos 𝛾

(18)

Figur9: Measurement points grid on the measurement plane at the cross section

During a calibration in a wind tunnel the calibration factor 𝐶(𝛽, 𝛾) is identified from equation 19, as the Pitot
is turned with respect to the main flow direction.
2∆𝑝(𝛽, 𝛾)
𝑣 = 𝐶(𝛽, 𝛾)√
𝜌

Where
𝑣

Reference velocity

𝜌

Air density

∆𝑝(𝛽, 𝛾)

Differential pressure on the Pitot tube turned by the angles 𝛽 and 𝛾
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(19)

If the perpendicular axis to the installed Pitot tube in the stack is aligned with the 𝑧⃗ vector of the stack, the
calibration factor 𝐶(𝛽, 𝛾) ∙ cos 𝛽 ∙ cos 𝛾 should be used to determine 𝑣𝑧𝑖 in case there is a swirling flow in the
duct.
We can now define two sources of errors when using Pitot tube as the measurement method:
1- The “grid integration error” Ez which is only caused by the fact that the measurement grid has a finite
density and therefore gives only an approximation of the exact flow, given by an integral of axial
velocity 𝑣𝑧 over the stack cross section. This means that the error of the flow rate 𝑄 comes only from
the approximate integration and not from the inaccurate velocity measurement at particular points.
The CFD calculation using OpenFOAM shows that the value and the profile of this error depends on the height
of the measurement plane in the stack for various types of supplying pipe and various inlet velocities. Here
the real flow rate 𝑄 given simply as 𝑄 = 𝑣 ∙ 𝐴, where 𝑣 is the inlet velocity and 𝐴 is the area of the stack cross
section, was compared with the flow rate 𝑄𝑀 given by the equation 17 where {𝑣𝑧 } are the computed axial
velocity components at the grid points.
𝐸𝑧 =

𝑄𝑀𝑧 − 𝑄
∙ 100
𝑄

(20)

The calculated error in figure 10 for supplying pipes with single and double elbow, which generate a single
swirl, shows a periodic behaviour with respect to the height from the stack bottom. This behaviour is caused
by a velocity profile in the stack, which rotates together with the swirl. The velocity profile of 𝑣𝑧 in the stack
cross section is not axially symmetric and therefore the error 𝐸𝑧 depends on the orientation of the sampling
lines with respect to the velocity profile. Since the profile is turned with changing height by the swirl, the error
changes with the height and repeats when the profile is turned by 90° as the sampling grid has the 90° rotation
symmetry.
The difference of the minimal and maximal error in the oscillation can reach 3 % in the studied cases. It means
that special attention should be paid to the height and orientation of the sampling ports in stacks in order to
achieve the minimal error.
Straight inlet pipe

Single elbow

Double elbow

Figure 10: The error of flow rate due to the approximate integration in the measurement grid and its dependence on the height of
the sampling plane in the stack.
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It was observed that the amplitude of the error oscillation decreases with increasing flow rate and that the
length of one period increases with increasing flow rate corresponding to the fact that the swirl velocity grows
slower than the axial velocity.
2- The error (𝐸𝑖 ) due to the effect of swirl in the stack by considering 𝐶(0,0) instead of 𝐶(𝛽, 𝛾) as:
calibration factor, and the approximate integration.
𝐸𝑖 =

Straight inlet pipe

𝑄𝑀𝑖 − 𝑄
∙ 100
𝑄
Single elbow

(21)

Double elbow

Figure 11: The error of the velocity measurement due to neglecting the swirl in the stack and its dependence on the height of the sampling plane in the
stack.

In this case, the flow rate 𝑄𝑀𝑖 is calculated according to the equation 17, where the axial velocity 𝑣𝑧𝛼 are the
computed axial velocity components modified by the error given by equation 22, where 𝐸 is the error in
percents, 𝛾 and 𝛽 are the pitch and yaw angles in degrees and 𝑎1 = 1.4 × 10−5, 𝑎2 = 4.5 × 10−4 , 𝑎3 = 0.024,
𝑐1 = 5.9 × 10−3 and 𝑐2 = 0.13.

𝐸 = (𝑎1 𝛾 2 + 𝑎2 𝛾 + 𝑎3 )𝛽 2 + 𝑐1 𝛾 2 + 𝑐2 𝛾

(22)

This modification is valid for a Pitot tube reported in reference [10], and in general, the value of such a
modification is dependent on the employed Pitot tube. The velocity 𝑣𝑧𝛼 is, in this case, the velocity value that
would be measured by the S-type Pitot tube when neglecting the swirl. For various types of supplying pipes,
the pure percentage error related to swirling flow, 𝐸𝑖 − 𝐸𝑧 , against the height of the installed Pitot tube from
the stack bottom is shown in figure 11. The error caused by neglecting the shift of the Pitot tube due to the
swirling flow is highest for the double elbow supplying pipe and it can approach to a value of 5 % in the studied
cases.

4.2.4

Uncertainty propagation based on analytic measurements model

Chapter 4, “Estimation of mass emission and reporting”, started out with the model for reported emissions,
equation 1. We emphasized that the measurement of concentration and volume flow rate refers to the same
measurement volume. Because of practical considerations, two measurement systems are often separated
by several 10s of meters, and thus efforts are required to ensure properly synchronized measurement data.
Still, the analytical approach in GUM, requires an uncertainty estimation for each input of the model
equation. In sections 4.2.1 and 4.2.2, we have accounted for uncertainties in concentration and volume flow
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rate. Both of these tables must be filled in when calculating the combined uncertainty for a sample mass
emission, taking into account the correct synchronization of the samples.
Table 3 Uncertainty budget for a sample mass emission

Xi

xi

u(xi)

Distribution

ci

ui(m)

C, sample i

Value

u(ci)

Form of distr

Vi

uci(mi)

Flow sample i

Value

u(Vi)

Form of distr

ci

uVi(mi)

Lack of sync between C and V
mi

Value

uc(mi)

Combining two uncertainty tables, one for sample volume flow rate and one for sample concentration, gives
the uncertainty budget for a sample of mass emission (table 3).
The measurement model for the accumulated mass emission is:

𝑀 = ∑ 𝑚𝑖

(23)

The uncertainty of the accumulated mass emission now depends strongly on the correlation of the
uncertainties of the samples of mass emission. A stationary process (steady state, small variation) will usually
results in high correlation in uncertainty for sampled mass emission values. Only after a long time, the drift
of the measurement equipment and readjustment of the calibration function (during QAL2 or AST) will give
abrupt changes of measurement values and reduce correlation between successive samples. This scenario
indicates long periods of high correlation, which gives the equation 24 for the combined uncertainty of
accumulated mass emission.
𝑛

𝑢(𝑀) = ∑ 𝑢𝑖 (𝑚𝑖 )

(24)

𝑖=1

A very large variation in sampled mass emission values is a result of large variation in either sampled volume
flow rate or sampled concentration values, or both. In such cases, large variations causes the uncertainty
correlation to be transferred between successive sampled mass emission values. In the extreme case where
there is no uncertainty correlation between sampled mass emission values, equation 25 gives the combined
uncertainty of accumulated mass emission.
𝑛

𝑢(𝑀) = √∑ 𝑢𝑖 (𝑚𝑖 )2

(25)

𝑖=1

Under no circumstance, the uncertainty of the accumulation of samples can be calculated from equation 26:
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𝑛

1
𝑢(𝑀) = √∑ 𝑢𝑖 (𝑚𝑖 )2
𝑛

(26)

𝑖=1

Equation 26 would be valid only if 𝑀 was the mean value of all samples 𝑚𝑖 . While M is the accumulated
value of all samples, 𝑚𝑖 ,, not a mean value.
Depending on the uncertainty correlation between samples, 𝑚𝑖 , the calculation of 𝑢(𝑀) is somewhere
between equations 24 and 25. A conservative choice would be to use equation 24 which gives the higher
uncertainty. It is complicated to calculate correlations using an analytical approach, when there are many
parameters to consider. In this case a Monte Carlo calculation could overcome the problem, see chapter
4.2.5.

4.2.5

Modeling to estimate systematic uncertainty in annualized mass emission

As mentioned in the previous section assessing uncertainty on a single measurement is relatively straightforward, but such an approach will not take into consideration many systematic sources of error. An
example of such a systematic error would be if all plants had their analysers calibrated by the same lab,
introducing a bias into the results based on the lab uncertainty. Looking at individual measurements also
excludes the quality assurance processes outlined in EN 14181, and this is a key factor in the uncertainty in
reported annual data.

Figure 12: Timescales for quality assurance testing as set out in EN 14181. The annual calibration test can be an AST instead of a
QAL2, but a maximum of 5 years is permitted between full QAL2 tests. The lower section illustrates QAL3 testing within a year to
control the effect of drift, here shown as weekly tests but the periodicity requirement will vary depending on the findings from the
QAL1 process.

National Physical Laboratory (NPL) has developed an approach to fill this gap, a model to represent all the
processes involved in running an automated measurement system (AMS) for multiple years, including all
quality assurance testing (QAL2, QAL3 and AST). A mathematical model, which uses a Monte-Carlo
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simulation approach to assess uncertainty over the complete lifespan of the instrument was developed It
starts from the initial calibration of a new AMS to its subsequent use for up to five years before requiring a
new QAL2, including all reported measurements and quality control testing (QAL3, AST).
After the initial calibration QAL2, plant operators have to perform on-going checks to demonstrate
continuing compliance. The QAL3 checks instrumental drift over medium periods, while the annual
surveillance test (AST) is a check on the calibration to satisfy the annual requirement.
The QAL2 is the calibration process for the AMS, running it alongside the standard reference method (SRM)
and comparing the results to produce a calibration function, together with the range over which it is valid.
This requires a minimum of 15 parallel measurements, after the elimination of any outliers. At a process
plant a single measurement is typically an average over a period, e.g. 30 minute average measurement, so
this can result in the calibration process causing significant downtime. The surveillance test (AST) is a simpler
check that the calibration function is still valid, using just 5 parallel measurements with the standard
reference method (SRM).
The SRM for each species is defined in an additional standard, e.g. EN 14791:2005 for SO2 (BSI, 2005), EN
14792:2005 for NOx (BSI, 2005), etc. The standards outline the procedure for carrying out the SRM
measurements along with the requirements for overall uncertainty. Stack measurements can be made using
the SRM, or by an approved alternative method (AM) that has demonstrated equivalence to the SRM to the
satisfaction of the national accreditation body. Demonstration of equivalence for a potential AM is
controlled by EN 14793:2017 (BSI, 2017).
The plant operators also have to put in place a procedure for more frequent routine checks to ensure that
instrumental drift is not influencing the results given by the AMS. These QAL3 tests involve periodically
measuring zero and span reference gas cylinders, with results being compared with previous QAL3 data to
detect drift and assess the impact it is causing on measurement reliability. This ongoing performance testing
looks at both drift and precision of the AMS. EN 14181 outlines three potential control chart structures,
which can be used by operators to determine when significant drift is detected. The model implements the
CUSUM charts that assess precision and drift separately, allowing for drift correction, whereas the
alternatives both require mechanical intervention when problems are detected.
For any measurement there will be uncertainties, both random and systematic, so the model incorporates as
many of these sources of error as possible, with each being represented with a probability density function
(PDF). The scale of the PDF for each variable is set by the relevant performance characteristic from the
product conformity certificate, issued when the instrument successfully completes the type approval process
under EN 15267.
To further illustrate the model we consider a simple case where the measured concentration might be
affected by just the measurement temperature. This would lead to the measured concentration being a
function of the actual concentration and the temperature (equation 27), with the temperature effect being a
function of the difference in temperature at the time of the calibration and the measurement (equation 29)
and the sensitivity to that temperature difference (equation 28).

𝑅 = 𝑓(𝑐) + 𝑓(𝑇)

23

(27)

𝑓(𝑇) = ∆𝑇 ∗ 𝑠

(28)

∆𝑇 = 𝑇𝑐𝑎𝑙 − 𝑇𝑚𝑒𝑎𝑠

(29)

Figure 13: Schematic of a single measurement, with examples of errors during the measurement by the analyser and additional
errors from uncertainty sources in the calibration function

Where:

𝑅 Realised value of the concentration
𝑓(𝑐)

Function of concentration

𝑓(𝑇)

Function of temperature

∆𝑇 Temperature difference between the measurement and calibration
𝑠 Sensitivity, i.e. how temperature will affect the result
𝑇𝑚𝑒𝑎𝑠

Temperature when the concentration measurement is made

𝑇𝑐𝑎𝑙

Temperature when the instrument was calibrated

This forms a simple MCS representing one instrument measuring the concentration. The scope of the model
can be changed by altering which variables have PDF applied to them. In the example above, if a PDF was
applied to the sensitivity, so for every measurement it was different, then the scope of the MCS would go
from a single instrument to a population of instruments measuring the same concentration. The model we
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describe contains many different PDF, so by choosing which to apply the model can easily investigate a wide
variety of different situations.
Tabell 4 Model attributes and their impact on overall uncertainty when set to 10%

Attribute

Overall concentration
uncertainty with
attribute uncertainty at
10% (mg/30 minutes)

Overall mass emission
uncertainty with
attribute uncertainty
at 10% (t/year)

Mass emission
uncertainty as a
percentage of the actual
mass emissions (%)

SRM uncertainty

0.659

1.039

2.64

AMS repeatability

3.368

3.687

9.35

AMS linearity

2.739

2.199

5.58

Cross
interference: 1
species

2.237

0.881

2.24

Cross
interference: 3
species complementary

3.460

1.364

3.46

Cross
interference: 3
species conflicting

3.472

1.396

3.54

AMS detection
limit

1.541

1.228

3.11

AMS temperature
offset from
calibration - zero

24.056

16.566

42.02

AMS temperature
offset from
calibration - span

19.997

28.100

71.28

AMS zero drift

4.589

6.378

16.18

AMS span drift

2.894

4.001

10.15

The model is based on the real use of a gas analyser instrument under EN 14181, but, like any model, it has
to include some assumptions in order to function. Some aspects of the testing under EN 14181 are assumed
and not specifically modelled (e.g. the linearity test that is part of the AST). This can be justified since they
relate to constant sources of error, which will not drift over time, so the offset will be included within a
standard calibration. The model takes 30-minute average measurements, assuming that there is no
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downtime, including timeless quality assurance testing, so every measurement is made regardless of
procedural requirements (e.g. running AST). This is obviously a major abstraction compared to real field
measuring where downtime can represent ten percent or more of a data set, but is a justified assumption as
it has no effect on the uncertainty of the AMS results that are covered within the measurement period. The
ambient temperature data used in the tests is simulated, based on a sine curve to represent seasonal
variation. The model does not include other effects of weather since instruments are generally deployed in
some form of enclosure so would not be influenced in this way.
Here we ignore the detailed explanation of applied methodology. After dummy and real data testing to
evaluate the defined model, the results suggested for the related contribution of the different processes and
parameters to overall mass emission uncertainty can be summarized as presented in the table 4.

5 Monitoring intensity for campaign based measurements
5.1 Campaign based measurements
According to the document “JRC Reference Report on Monitoring of emissions from IED-installations”
referred earlier in this guideline, the intensity of the monitoring can, dependent on the risk level defined
based on the likelihood and consequence of exceeding the ELV, range from “Intensive” down to
“Occasional”. With occasional monitoring a campaign based measurement approach is satisfactory.
Nevertheless, the measurements should be representative for the total emission level. It is therefore also
necessary to realize which measurand should be quantified/estimated. Representativeness of the
measurements is a rather far-reaching statement, and it is important to clarify the meaning.

5.2 Temporally representative sampling
Representativeness in time means how the samples represent the variability of mass flowrate in the process.
It is clear that a process with a stable emission rate needs less intensity in sampling rate than a process with
a high degree of variation. Campaign based measurements should be planned according to the process
variations to obtain the best possible estimate for the accumulated emission. As indicated in the reference
document on monitoring “Reference Document on the General Principles of Monitoring” [3], the flow profile
for mass emission may significantly change. To apply a sampling plan it is essential to have updated
information about the flow profile.

5.3 Spatially representative sampling
Physical representativeness is affected by the measurement method and the location of the flow and
concentration measurement system, related to the defined measurement plane or the physical nature of the
emission.
For campaign based measurement it is vital to recognize the need for combining synchronized flow
measurements and sampling of the flow estimating mass emission. Thus physical limitations to install flow
and sampling equipment may systematically influence the measurement of mass. The campaign based
measurements should be planned and conducted to obtain representative samples of mass flow rate.
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Annex. Reducing the epistemic uncertainty of ultrasonic flow meter
measurements using Computational Fluid Dynamics
TU Delft developed an approach for the epistemic uncertainty reduction of ultrasonic flow meter
measurements under non-ideal flow conditions, as an initial attempt to overcome the difficulties associated
with flow rate measurements.
Instead of re-calibrating the instrument to correct its behavior in these difficult working conditions, a
Bayesian calibration of a computer model of the real process is used. The numerical model is based on
Computational Fluid Dynamics (CFD) and a surrogate model is constructed from a limited number of CFD
calculations using kriging.
The computer model predicts the flow rate in dependence of some parameters including the bulk Reynolds
number, which carries information about the true speed of the flow, which is measured only approximately
by an ultrasonic flow meter. Bayesian calibration is applied and the posterior of the true speed can be
derived from the marginal posterior of the Reynolds number. This pdf has a smaller uncertainty with
respect to the observed data used to fit the model. If sufficiently informative data are available, the
proposed approach will help reduce the measurement error as well as the measurement uncertainty.
Transit-time ultrasonic flow meters (UFM) are one of the most common type of flow meters used in
industrial applications because of their versatility, accuracy and ease of use. The uncertainties in a UFM
measurement can either be aleatoric (random) or epistemic (relating to knowledge). The former are due to
a natural variability in the process being studied and cannot be reduced by gathering additional knowledge
about the system (e.g. uncertainty due to repeatability). The latter are due to a lack of knowledge about
the process under study and can be reduced, for example, by gathering more data or refining models. The
main sources of epistemic uncertainty in an UFM are due to the flow velocity profile not being uniform, to
inaccurate time measurements, to geometric tolerances, or installation effects. The work of TU Delft
focused on the uncertainty due to inhomogeneous flow profiles which is usually the most severe.
To reduce the uncertainty due to flow profile inhomogeneity, flow meter manufacturers recommend
positioning the instrument far away from any source of disturbance, in a location where the flow resembles
fully-developed pipe flow as much as possible. In reality, however, this is not always possible due to the
constrained lengths of pipe installations, and to the persistence of flow disturbances for many diameters
downstream of their source. For the case of a pipe bend, significant flow disturbances can persist for
more than twenty diameters from the bend exit. This can cause meter errors of several percent (the
exact amount depends on the type of UFM) with associated higher uncertainties. A possible solution to
this problem would be re-calibrating the flow meter for these non-ideal flow conditions but this is not
always possible due to economic constraints or absence of appropriate experimental facilities.

A1. Proposed approach
Hereafter, a methodology is presented for correcting the measurements of a UFM and estimating its
uncertainty when the flow is in non-ideal conditions. It is supposed that the instrument cannot be
recalibrated in situ, and Bayesian calibration of a computer model of the UFM is used to update the real
UFM measurements instead.
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In general, a Bayesian calibration of a computer model can be performed in three steps. First, a statistical
model relating the measured data to the computer model is defined:
𝒅 = 𝜼. 𝑚(𝜽) + 𝜀 + 𝜹

(29)

where 𝒅 = [𝑑𝑖 ] 𝜖 ℝ𝑁 are the measured data, 𝜀 ∼ 𝒩(𝟎, ℴ𝜺𝟐 𝜤)) the random vector of measurement errors;
𝜽 𝜖 ℝ𝑀 are the parameters governing the computer model ; 𝑚(⋅); 𝜼 ∼ 𝒩(𝝁𝜼 , ∑𝜼 ) is a multiplicative
model inadequacy parameter that takes into account the model output not being equal to the true value
of the flow rate; similarly, δ ∼ 𝒩(𝝁𝜹 , ∑𝜹 ) is an additive model inadequacy term.
The parameters governing the model can be calibrated using Bayes’ theorem:
𝜋(𝛾|) ∝ 𝜋(𝒅|𝛾)𝜋0 (𝛾)

(30)

where 𝛾 = [𝜽, 𝝁𝜼 , 𝝁𝜹 , 𝝃̂] and 𝝃̂ is a vector of hyperparameters depending on the form of the model
inadequacy covariance matrices ∑𝜼 , ∑𝜹 . The term 𝜋(𝒅|𝜸) is the likelihood and provides the means for
updating the model with observed data. The term 𝜋0 (𝛾) is called the prior distribution and it represents
what is known about 𝛾 before the data became available.
Finally, once the elements of 𝛾 have been calibrated, they can be fed to the statistical model of (29) to
make predictions of the quantity of interest 𝑑̃ at a new 𝜽 (after all the hyper parameters have been fixed
to their posterior mean value) by computing the posterior predictive distribution:
𝜋(𝑑̃ |𝒅) = ∫ 𝜋(𝑑̃|𝜽|𝒅)𝑑𝜽 = ∫ 𝜋(𝑑̃|𝜽)|𝜋(𝜽|𝒅)𝑑𝜽

(31)

Here, we select the elements of 𝜃 in such a way, that the marginal posterior of one of these elements
already contains the information needed for estimating the epistemic uncertainty of the quantity of interest
without needing to apply (31). It is worth noticing that the proposed approach is completely general, and can
be applied to flow rates measured by any instrument (e.g. pitot tubes, flow meters, etc.).
The case under consideration is that of a two-path ultrasonic flow meter measuring downstream of a pipe
bend. The raw data provided by the UFM are the two flow rates measured by the two paths 𝒅 = [𝑚1̇ 𝑚̇ 2 ].
Since so few data (information) is available, it will be very difficult to infer anything about 𝛾 unless a
very accurate computer model is used. Hence, the need for Computational Fluid Dynamics.
Even with an accurate computer model, some sources of uncertainty will remain unknown and a model
inadequacy term must be introduced in the statistical model. The statistical model used throughout this
paper is defined as:
𝒅 = 𝑚(𝜃) + 𝜀 +δ

(32)

Given this statistical model, with Gaussian prior information and Gaussian experimental noise, the
likelihood function is a Gaussian pdf in 𝒅:
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𝜋(𝒅|𝛾) =

𝟏

1
𝒆𝑥𝑝 [ (𝒅 − 𝒎)𝑇 𝑸−𝟏 (𝒅 − 𝒎)]
2
√(2𝜋) 𝑧 |𝑸|

(33)

where 𝛾 = [𝜃; ρ], and ρ is the vector of model inadequacy hyperparameters associated with δ, 𝑧 is the size
of 𝒅, 𝑚 = 𝑚(𝜃), and 𝑸 = 𝑸𝒆 + 𝑸𝒎 + 𝑸𝜹 is a matrix obtained by assuming an independent Gaussian
uncertainty, i.e. 𝑸𝒆 = 𝑑𝑖𝑎(, 𝓸𝟐𝜺 ), 𝑸𝒎 = ∑𝑲 being the covariance matrix of kriging, and 𝑸𝜹 = 𝑑𝑖𝑎𝑔(𝓸𝟐𝜹 )
where δ is assumed to be normally distributed with mean 𝜇𝛿 and covariance matrix ∑𝜹 = 𝑸𝜹 .
CFD simulations of the geometry causing the disturbance are performed at P Reynolds numbers (Reb).
It is assumed that the pipe diameter 𝐷 and fluid kinematic viscosity 𝜐 are constants, hence, the terms
Reynolds number, flow rate, or flow speed used in this paper are interchangeable, and are all related to
the average flow speed in the pipe.
Samples of the flow rate at S distances from the bend (𝑥/𝐷) and 𝑇 flow-meter rotation angles (𝛼)
are extracted, thus providing 𝑃 × 𝑆 × 𝑇 flow rate samples _ mi for the ith flow-meter path. A kriging
technique is used to regress these data and build a computer model of the form 𝑚̇ 𝑖 = 𝑚(𝜽)where
𝑥
𝜽 = (𝐷 , 𝑅𝑒𝑏 , 𝛼). In this way, a computer model able to replicate the behavior of the UFM in non-ideal
flow conditions could be built.
The key factor is that, in the simulations, Reb is computed using the speed specified as inflow condition
which corresponds to the true bulk speed of the flow computed as:

̂𝑏 = 1/𝐴 ∮|𝑣|𝑑𝐴
𝑈

(34)

where 𝑣 is the pipe cross-sectional area, 𝐴 is the flow velocity vector of an infinitesimal surface element
̂𝑏 indicates that this is the true bulk speed of the flow, as opposed to the one
𝑑𝐴, and the hat over 𝑈
measured by the UFM which is an approximation.
Hence, by calibrating 𝜽, an updated estimate of the true flow rate can be derived from the posterior of
the Reynolds number as:
𝑥
𝑣𝐴
𝑥
𝜋 (𝑚̇𝑡𝑟𝑢𝑒 |𝒅, 𝐷 , 𝛼, 𝜌) = 𝜋(𝑅𝑒𝑏 |𝒅, , 𝛼, 𝜌).
𝐷
𝐷

(35)

where 𝜽 is the flow kinematic viscosity, 𝐴 is the pipe cross-sectional area, and 𝐷 is the pipe diameter.
This method is expected to be able to reduce the epistemic uncertainty associated with the UFM
measurements, provided the observed data are informative enough to not only identify 𝑅𝑒𝑏 but also
𝑥/𝐷and α. Furthermore, if the computer model will be able to fit the experimental data well enough, the
updated flow rate computed with this approach will have a smaller error with respect to the experimentally
measured one, thanks to the information about the true flow speed stored in the Reynolds number. The
overview of the entire approach is schematically presented in figure 14. We refer to the paper 𝐴
Bayesian study of uncertainty in ultrasonic flow meters under non-ideal flow conditions, Metrologia,
(Submitted, 2017) for examples of the applications of this method.
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Figure 14: Flowchart of the method

A.2 Error and Uncertainties
The big advantage of the methodology described above lies in its ability to systematically reduce the
uncertainty associated with a given flow rate measurement. This is because the computer model is built
using additional information about the flow and the position of the instrument which is stored in the
vector𝜽 = ⌈𝑥 = 𝐷; 𝑅𝑒𝑏; 𝑎⌉. When the model is combined with experimental data, the methodology is able
to regress the best combination of the three parameters above that is likely to yield the measured flow
rates. This procedure is, however, dependent on the quality of the measured data. In the case of a
two-path UFM, only two data points are available, that is, only little information is available. If these
data points carry also a large noise, i.e. large aleatoric uncertainty, then there is not enough information to
correct the error associated with the measured data, even though the uncertainty is still reduced. The
solution to this problem lies in acquiring as much high-quality data as possible.
Another possible source of error of the method lies in the accuracy of the computer model with respect
to the real-life process it tries to simulate. The computer model approximates the real-life process in two
aspects: the geometry considered, and the modeling of the turbulence.
In the former, modeling the full geometry of the pipeline/stack under consideration would make the
simulations computationally unfeasible. At the same time, care must be taken in choosing which
irregularities of the real-life geometry are affecting the flow and must be modelled from those that can be
neglected. This work should be carried out by an expert in CFD.
The latter problem is associated with the computer model being an approximation of the real-life physics,
especially in its treatment of turbulence phenomena. These are modeled by a turbulence model which
assumes isotropic flow most of the times. The flow in stacks is, however, anisotropic and the use of
an anisotropic turbulence model is therefore recommended. On the other hand, anisotropic turbulence
models are computationally more expensive than isotropic ones and a trade-off between accuracy and
computational time should be achieved.
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